Abstract-We study pulse propagation in Er 3+ -doped fiber amplifiers (EDFA) within the framework of a spectrally resolved pulse rate-propagation equations model. Our model accounts for the effects of gain dispersion, gain saturation, waveguide and chromatic dispersion, and amplified spontaneous emission. This model allows us to approximate the effects of nonlinear resonant dispersion on short pulse amplification in doped fibers, without reverting to the generalized nonlinear Schroedinger equation. Numerical results of the time-dependent power spectrum of the amplified pulse demonstrate subpicosecond pulse propagation in EDFAs.
I. INTRODUCTION
R ARE-EARTH-DOPED fibers have a broad gain bandwidth which makes them very attractive for the amplification of subpicosecond optical pulses. For such short pulses, nonlinear resonant effects associated with the dopants inversion are an important amplifier design consideration. In particular, the finite gain bandwidth, and gain-induced dispersion, can severely distort short amplified pulses [1] - [4] . Optical pulse propagation in doped optical fibers is mainly considered analytically [5] , and in the framework of a generalized nonlinear Schroedinger equation [6] . In modeling the amplified pulse, the pulse bandwidth is assumed to be relatively narrow, and the gain is assumed to have either constant, parabolic, or a Lorentzian lineshape [3] - [6] , which does not accurately predict the observed atomic susceptibility of the dopant ions in a glass system [7] . In this contribution, we extend well-established quasi-continuous-wave rate-propagation models of erbium-doped fiber amplifiers (EDFA) [8] to the short pulsed regime. To this end, a transport equation for the coupled pulse spectral components is derived, which accounts for the changes in the distribution of the pulse power along the fiber. In our model, the spectral gain is resolved using experimentally measured cross sections, Taylor expansion is not assumed for the dispersion, and the modeled pulse bandwidth is not restricted to the precondition of a quasi-monochromatic pulse. The model allows us to calculate the time-dependent power spectrum of the pulse, and thus to simultaneously analyze the signal in the time and spectral domains, which is more compliant with the experimentalist's observations. Furthermore, our model includes the effect of spontaneous emission noise on the pulse dynamics [9] . Our approach is limited to pulsewidths of a few hundred femtoseconds, for which we can assume thermal equilibrium of the atomic populations within each Er manifold [9] . The new model is employed to demonstrate the effects of dopant dispersion on the amplification of short optical pulses in the technologically important 1.55-m range wavelengths.
II. THEORETICAL MODEL
We consider a single-clad fiber geometry, for which the core supports a single mode. The core is doped with Er ions with uniform concentration . The spectral power densities per unit wavelength , representing signal pulse spectral components that are emitted and amplified due to the Er ions, propagate in the forward direction with a wavelength-dependent power filling factor . The analysis is based on the assumption that the spatial changes in the refractive index are small. Under this condition, the power transport equation can be extended to take into account dispersion through the photons equations of motion [10] , as well as the effects of transients in the refractive index on the wavelength of streaming photons [11] . In particular, the following equation can be derived for the rate of change in the spectral power densities per unit wavelength of the propagating pulse (based on [11] ): (1) where is the speed of light in vacuum, and is the effective group velocity of the pulse spectral component at the vacuum wavelength . The effective refractive index of the fundamental LP mode in the core is given by the sum of passive and active index contributions [6] . The passive contribution is given by the effective index of the host fiber. The active contribution is derived, to a good approximation, using the Kramers-Kronig transform of the imaginary part of the Er susceptibility [7] . Additional, nonlinear contributions, e.g., due to the intensity dependence of the refractive index, are disregarded in this work, as we limit ourselves to relatively low pulse intensities. The terms and are the atomic populations of the and Er manifolds, respectively. Other terms in (1) between levels and , and the fiber scattering loss coefficient. The power density per unit wavelength term represents the contribution of the spontaneous emission into the guided mode [12] . We note that in contrast to the linear power equation that appears in "classical" EDFA theory [8] , [9] , (1) includes additional terms due to the varying refractive index contributions. Equation (1), coupled with a set of rate equations for the atomic populations of Er ions [12] , formulate the basis of our spectrally resolved pulse model.
In order to solve (1) numerically, we transform it into a retarded time frame moving with a reference group velocity , by defining a reduced time . Thus, (1) can be written as (2) where the second term on the left-hand side of (2) is due to the dispersion of the pulse spectral components relative to the reference frame.
III. EXAMPLES
The parameters that we consider in the numerical calculations correspond to a dispersion-shifted alumino-silicate Er -doped fiber. In particular, the Er concentration is assumed to be m , the core area is m , and the numerical aperture is NA . We also assume a constant input pump power of mW at m and an m long fiber. Under these assumptions, the gain-induced contribution to the refractive index strongly modifies the fiber dispersion characteristics. Fig. 1 shows the calculated spectrum of the dispersion parameter, i.e., , based on cross section data taken from [13] . Here, the passive fiber contribution includes the waveguide dispersion, and the chromatic dispersion of the host, e.g., as calculated from Sellmeier's Fig. 2 . Contour plot of the pulse intensity (in watts per unit wavelength) at the fiber output, as function of the wavelength and time delay, for an incident pulse around = 1522 nm. Darker shades correspond to higher power levels (see inset). Top: temporal intensity, i.e., P (z; t; )d (normalized). Right side: spectral intensity, i.e., P (z; t; )dt (normalized). The solid and dashed lines correspond to the intensity distribution of the pulse at z = L and z = 0, respectively. The gain in pulse energy is 24.5 dB.
equation [14] . We note that due to the Er contribution, the dispersion parameter takes both positive and negative values at a spectral range near nm. In what follows, we employ our model in order to analyze short pulse propagation around nm and nm, namely in the anomalous and normal dispersion regimes of the fiber (cf. Fig. 1 ), respectively. We assume that the incident pulse shape is an unchirped Gaussian, centered at with width (FWHM) of fs. We further assume that the peak power of the incident pulse is 1 W, and therefore, saturation effects are small in the present calculations. The distribution of the incident pulse in the hybrid time and wavelength space, i.e., , is calculated using the Wigner distribution function [15] . Thus, the resulting pulse distribution is a transform-limited bell-shaped surface centered at . It is worth mentioning, however, that the incident pulse can be resolved using other time-frequency distributions that satisfy the physical margins (i.e., energy conservation). Fig. 2 shows contour plots of the pulse intensity around nm, after amplification along the EDFA, as function of the wavelength and the time delay relative to the arrival time of the pulse temporal intensity peak. That is, we plot . The calculated output pulse intensity is a complex interplay between the dispersion and the wavelength dependence of the gain, and it significantly deviates from the incident Gaussian pulse distribution. In particular, the short spectral components of the pulse acquire negative chirp, i.e., longer wavelengths travel in slower velocities, due to the anomalous dispersion in the EDFA (see Fig. 1 ). On the other hand, the pulse chirp gradually changes sign in the limit of longer pulse spectral components. This, in turn, broadens the output pulse by approximately fs relative to the width of the incident pulse. We note that the peak of the output pulse spectrum is shifted toward longer wavelengths, due to the preferential amplification of pulse spectral components near the gain peak ( nm, see inset of Fig. 1 ) [6] . We also note that the bandwidth of the output pulse is narrower, in about nm, relative to the incident pulse bandwidth. The output pulse intensity distribution shows somewhat different characteristics for a pulse incident around nm, as illustrated in Fig. 3 . Here, the shorter pulse spectral components acquire positive chirp due to propagation in the normal dispersion regime, in agreement with the negative value of (see Fig. 1 ). Also the temporal broadening and bandwidth narrowing of the output pulse are fs and nm, respectively. Furthermore, the output pulse spectrum is strongly asymmetrical due to the gain spectrum, and it is pulled towards the gain peak at shorter wavelengths. We also found that the temporal width of an incident pulse can be decreased, provided that the pulse is initially chirped and the fiber dispersion induces chirp with opposite sign [1] . We conclude that the output pulse spectrogram strongly depends on the relative position of the gain peak wavelength with respect to the incident pulse wavelength.
It is worth noting that our calculated intensity distribution, i.e., the quantity in (1), can be obtained, to a good approximation, by experimentally measuring the spectrogram of the amplified pulse using a known gate function. For example, using the cross-correlation frequency-resolved optical gating pulse measurement setup [16] .
IV. CONCLUSION
We have analyzed the effects of resonant dispersion due to Er ions on subpicosecond pulse propagation in dispersionshifted EDFA, using a new, spectrally resolved pulse rate-propagation equations model. Our results demonstrate the temporal and spectral characteristics of the amplified pulse. In particular, the output pulse spectrum, chirp, and temporal broadening (or compression) are strongly dependent on the fiber dispersion regime and spectral gain, and hence on the incident pulse wavelength. The mathematical model presented in this work allows us to approximate broad bandwidth pulse propagation in doped optical fibers, without considering the complex field envelope of the pulse. More intense signal pulses, for which nonlinear fiber effects are significant, are the subject of a subsequent publication.
